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J, , Abstract. This paper is devoted to the global existence and uniqueness results for the three- 

^ ' dimensional Boussinesq system with axisymmetric initial data u" G _B2^j(R'^) andp" G i32^j(R"^)n 

I/*'(R'') with p > 6. This system couples the incompressible Euler equations with a transport- 
. ^^ diffusion equation governing the density. In this case the Beale-Kato-Majda criterion (see [2]) is 

^"^ not known to be valid and to circumvent this difficulty we use in a crucial way some geometric 

properties of the vorticity. 
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1. Introduction and main result 

The present paper is devoted to the mathematical study of the so-called Boussinesq system. This 
system couples the incompressible Euler equations and a transport-diffusion equation governing 
the density. It reads as follows 



(1.1) 



dtv + v -Vv + Vp = pez, it,x) £ 

dtp + V ■ Vp — kAp = 
div V = 



'\t=o = v°, p\t=0 = P°- 



Here, the velocity v = {v^,v'^,v^) is three-component vector field with zero divergence. The 
scalar function p denotes the density which is diffused by the flow and acts on the first equation 
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of (jl.ip in the vertical direction e^ = (0,0, 1). The pressure p is a scalar function which given 
by the equation 

AP = -div(u • Vv) + dzp. 
The coefficient k > is a heat conductivity and we will take in the sequel k = 1. The term v ■ V 
is defined by 

3 

The system (jl.ip is a special case of a class of generalized Boussinesq system introduced in [3]. 
Note that if the initial density p*^ is identically zero (or constant), then the system (jl.ip reduces 
to the classical incompressible Euler equations : 

{dtv + V ■ Vv + Vp = 
divi; = 
v\t=o = '^°- 

In three dimension, the breakdown of smooth solutions to the Boussinesq system (jl.ip and Euler 
equations (jl.2p remains an open problem. For the case of axisymmetric solutions without swirl 
(see definition below), global existence and uniqueness for (jl.ip and (jl.2p has been established 
under various assumptions on the initial data. 

Definition 1.1. We say that a vector field v is axisymmetric (without swirl) if and only if it 
has the form : 

v{t, x) = v^{t, r, z)er + v^{t, r, z)ez, 

where z = X3 , x = {xi,X2,z) , r = {xf + x|)2 and (6^,6^,62) is the cylindrical basis of M^ 
given by : 

e, = (^,^,0) ee = {-^A,0) and e, = (0,0,1) 
r r r r 

and the components v'^ and v^ do not depend on the angular variable 0. 
Recall now that in cylindrical coordinates, we have: 

vV = v''dr + -v^de + v'd, 
r 



and 



V 

divti = dr-v^ -\ h dzV^ 

r 



Thus for an axisymmetric vector field (without swirl) i.e v^ = 0, we get, 

(1.3) vV = v''dr + v'dz. 

In space dimension three, the vorticity a; of u is defined as the vector co = curlv = V x v and 
has the form : 

(1.4) uj := Jee with J = d^v'' - drv\ 
Moreover, from (jl.ip the vorticity uj oi v satisfies the equation, 

dtOJ + {v ■ V)oj — {(jj ■ V)v = curl{pez)- 
Similarly, for the system (jl.2p . the vorticity satisfies (jl.4p and 

(1.5) dtUJ + {vV)uj-{uj-\')v = 0. 



GLOBAL WELL-POSEDNESS FOR BOUSSINESQ SYSTEM 3 

It is well-known, according to the Beale-Kato-Majda criterion [2] that the control of the vorticity 
in L°° is sufficient to get global well-posedness results for smooth initial data v^ € H^,s > |. 
The main difficulty to bound the vorticity is the lack of information about the influence of the 
vortex-stretching term lo ■ Vt) on the motion of the fluid. 

In the case of axisymmetric flows without swirl, we have a good behavior of the stretching term. 
It takes the form 

UJ ■ VV = UJ. 

r 
and thus the vorticity equation becomes 

T 

(1.6) dtuj + (v ■ V)lo = —u. 

r 

Letting /3 := ^ in (jl.6p . the quantity /3 then solves the equation 

dtf3 + (v ■ V)/3 = 0. 
From the incompressibility of the velocity v, we get easily for p G [1, oo] 

wmu. < ii/3°iil.. 

In |16] , Ukhovskii and ludovich took advantage of these conservation laws to prove global exis- 
tence for axisymmetric initial data with finite energy for the Euler system (|1.2p and satisfying in 
addition oj^ G L'^ (1 L°° and ^^ € L^ n L°°. This result was improved by Shirota and Yanagisawa 
[15] in H'^ with s > |. Their proof is based on the boundness of the quantity ||7-||l°° by using 
some Biot-Savart law. 



In [14] similar results are given in different function spaces. Dan chin [8] has weakened the 



,0 



Ukhovskii and ludovich condition for initial data u)^ G L^'^ fl L°° and ^ € L^'^, where L^'^ 



r 



denotes a Lorentz space (see definition 12.41 in section [2]) . 

In [T] Abidi, Hmidi and Keraani proved that if v^ is an axisymmetric vector field in the critical 

Besov space BI!^^ (M"^) with p € [l,oo] and if ^ € L'^'"'^(M'^), then there exists a unique global 

solution V to (jl.2p in C{M.j^; BI!^ ^ (^))- Iii this context of critical regularities, we do not know 
whether the B-K-M criterion is applicable. To avoid this difficulty, the authors obtained first 
the L°° bound of the vorticity for every time by using a kind of Biot-Savart law. Second, they 
established a new estimate for the vorticity in the Besov space B^ ^ which is based on the 
analysis of the geometric structure of the vorticity and paraproduct calculus. We point out that 

in dimension 2, the problem of global well-posedness in critical Besov space B^-^ was solved 
by Vishik [T7] . The crucial ingredient of Vishik's proof is a logarithmic estimate in Besov space 
-^oo 1 ^o^ t^^ composition / o ^, where / G B^ ^ and V' is the flow of the velocity v which pre- 
serves the Lebesgue measure. As we have already seen that the system (jl.ip is a perturbation 
of Euler system (jl.2p then it is legitimate to extend the global well-posedness results for the 
system (jl.ip . Let us focus on the difficulties for (jl.ip when we try to get some a priori estimates 
for the vorticity. Recall that the vorticity of v for (jl.ip satisfies the equation, 

v'' 
dfU) + V ■ Vuj = — u! + curl{pez), 
r 
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with simple calculations, we get 



(1.7) curl{pez) = V x [pe^) = -dip = -{drp)ee 




Therefore the vorticity obeys the equation 

T 
V 

dtLo + V ■ Vuj = — oj — (drp)eo 
r 

and the equation of the scalar component of the vorticity is given by 

dtuJe + {v ■ V)uje = —<^e - drp. 
r 

It follows that the evolution of the quantity — is governed by the equation 

(1.8) {d, + vV)^ = ^. 

The main difficulty is to find some a priori estimates on the density p to control the right-hand 
side of (II. Sp . The idea is that the singularity - on the axis r = is a derivative and that the 
term -^ can be thought of as a Laplacian of the density p. Thus the authors in [11] try to 
use some smoothing effects to control this term -^. We refer to Proposition 4.4 in [11], since 
they introduced a function T := ^ + ^A~^p and studied the coupling system (r,p) to find an 
estimate for the L°° norm of ^ . They used this to prove existence and uniqueness of a solution 
to the Boussinesq system (jl.ip with axisymmetric initial data v^ € H'^i^), | < s < 3 and 
p° G H''^'^{M?) n L™(M^), 6 < m with |x/j|^p° e L^, Xh = (xi,X2). The goal of this paper is to 
improve these results by weakening the initial reqularities in order to allow critical Besov spaces. 
Our main result isthe following : 

Theorem 1.2. Let v^ € Sf i ^e an axisymmetric vector field with zero divergence without 

swirl and p^ be an axisymmetric function such that p^ € B2 iC] L^ with p > 6 and such that 
\xh\^p^ E L?'- Then there exists a unique global solution {v,p) for the system (jl.ip such that 

veC{R+;Bl^), peC{R+;Bl^nLP)nLl^{R+;Lip) and \xh\'^p £ C(R+;L'^). 
The definition of Besov spaces is recalled in the next section. 

Remark 1.3. Since we have for every 1 < p < 2 the Besov embedding BI^^ M- B21, then the 

above result remain true if we replays B21 by BI^^ . For p > 2 the method does not work 
because we need some energy estimates for the velocity. 

Remark 1.4. Our proof gives an integrability in time of the density p. More precisely we have 
p G Ll^{R+; Bl^(M.^)) (see Proposition SS]). 

The proof relies essentially on two crucial estimates. The first one is a global a priori estimates 
of the vorticity in L°° space which is based on Biot-Savart law with some estimates established 
in [11] (see Proposition 14. 4p . Nevertheless, this information is not sufficient to propagate the 
initial regularities because the Beale-Kato-Majda criterion [2] is not know to be valid. The 
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significant quantity that one should estimate is ||(x!||no .To reach our goal we use an approach 

oo.l 

developed in[T] (see Proposition 14. 5p witch is the hard part of the proof in the paper where the 
axisymmetric geometry plays a crucial role. This allows to bound for every time the Lipschitz 
norm of the velocity and then to propagate the regularities. 

The paper is structured as follows : In Section [2l we fix some notations, we recall some basic 
tools from Littlewood-Paley theory and we will introduce some function spaces. We also state 
a few useful estimates for a transport-equation that we will use later. In Section [3l we study 
some geometric properties of any solution to a vorticity equation model. The proof of Theorem 
1.2 is done in a several steps in section [H 

2. Preliminaries 

In this section, we introduce some notations and definitions of Besov spaces. We give also some 
results about Lorentz space and recall some well-known results about the Littlewood-Paley 
decomposition and transport-diffusion equation used later. Let us begin with notations. 

2.1. Notation. We will use the following notations : 

• For any positive G and H, the notation G < H means that there exists a positive constant G 
independent of G and H and such that G ^ GH. 

• For any tempered distribution g^ both 'g and J-{g) denote the Fourier transform of g with 



• For any pair of operator C and D on some Banach space A, the commutator [C, D] is defined 
by GD - DG. 

• The space L^, 1 < p < oo stands for the usual Lebesgue space and then for any Banach space 
Z with norm || • ||^ and function h{t,x) such that for every t, h{t,x) € Z, we shall use the 
notation 

y^z = {r\Hr)\\ldT)'^,y T>0. 



^T^ 



• We denote by W^'^ with 1 <p < oo the space of distribution / such that V/ G L^ . 

• We will use also, 

V{t) := / \\v{t)\\s^ ^dr. 
Jo • 

• We will introduce the following notation : we denote by 

19 

<^i{t) = Coexp(...exp(Coti^)...), 

I— times 

where Co depends on the initial data and its value may vary from line to line up to some absolute 
constants. We will make an intensive use of the following trivial facts 

/ HT)dT < <^i{t) and exp( / <^i{T)dT) < <^i+i{t). 

Jo Jo 



6 SAMIRA SULAIMAN 

2.2. Littlewood-Paley decomposition and Besov space. To introduce Besov spaces which 
are generahzation of Sobolev spaces we need to recall the dyadic decomposition of the whole 
space (see Chemin [5]). 

Proposition 2.1. There exists two nonnegative radial functions x S ^(M^) and tp G ^(]R^\{0}) 
such that, 

j>o 

jez 
\p — j\ > 2 ^ supp ip{2~^-) n supp ip{2~^ ■) = 0, 
j > 1 =^ supp X n supp ip{2~^ ■) = 0. 

Set ipj{S,) = ip{2~^^) and let h = J~~^^ and h = T~^x- Define the frequency localization 
operators Aj and Sj For every / G 5'(M^) by 

A,/ = (^(2-JD)/ = 2^ih(2^-) *f , for i ^ 0, 

-i<P<j-i 
A„i/ = 5o/, A,/ = for j<-2. 

One can easily prove that for every tempered distrubution v, we have 

(2.1) v{x) = ^ Ajv{x). 

The homogeneous operators are defined as follows 

Vj € Z; AjW = ip{2~^D)v and Sjf = ^^ ^kV- 

k<j-i 

From the homogeneous decomposition, we have 

jez 

where 7^(M^) is the space of all polynomials see |13j . 

From the paradifferential calculus introduce by J.-M. Bony [3] the product vw can be formally 

divided into three parts as follows : 

(2.2) vw = TyW + TwV + R{v,w), 

where _ 

T^w = y^ Sj-ivAjW and R{v, w) = N^ AjvAjW, 

j J 

1 

with Aj = > Aj+j. 

TyW called paraproduct of w by u and R{v, w) the reminder term. 
Recall now the following definition of general Besov spaces. 
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Definition 2.2. Let s G M and 1 < p, r < +00. The inhomogeneous Besov space Bp^ is defined 
by 

p3\ . 



Bp,r 



{f^s'i 






}. 



where 






^2^-||A,/||£j +||5o/||lp for r<oo, 
sup2^'^||A,/||iP + ||5o/||LP for r = oo. 



i>o 



The homogeneous norm 



Y,2i^^\\^,f\\lX for r<oo 
sup2-'''||Aj/||LP for r = 00. 

We have the following Bernstein inequality see Chemin [S]. 

Lemma 2.3. There exists a constant C > suc/i i/iai for I < pi < P2 ^ 00, A; € N, j € Z anc/ 
for every function v we have 



Pi p-2')\\Sjv\\lpi, 



sup WSjvWlvz < C*"l 

\a\=k 

C-H^\^jv\\lvx < sup Wd'^AjvWLPi <C''2^''\\Ajv\\lpi. 

\a\=k 



Using this Lemma and the definition above of Besov space we have Vu € 5', s G M and pi < P2, 

< ^2^^\\A,vUp^. 






^^■(^+3(^-i^»||A,.||,P. 



This gives the embedding 



i>-i 






We can easily then generalise this embedding for all ri < r2 that is we have, 

s+3(^-^) 

(2.3) B;^^,^ ^ Bp,,r/' "' , Pi<P2 and r^ < ra- 

2.3. Lorentz spaces. Before introduce the definition of the Lorentz spaces, we recall the nonin- 
creasing rearrangement. Let h a measurable function we define its nonincreasing rearrangement 

h* :R+ — > M+ by the formula : 

h*{t) := inf {s' > 0;li{y, \h{y)\ > s'}) < t}, 
where I denote the usual Lebesgue measure. 
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Definition 2.4. (Lorentz space) Let h a measurable function and 1 < p < oo. Then h belong 
to the space of Lorentz if 

(/ {tph*{t)Y— )- <oo if l<r<oo 

\LP'-^ '■= \ I 

suptph*{t) if r = oo. 
t>o 

We can also define Lorentz spaces by interpolation from Lebesgue spaces : 

where I < pi < P2 ^ oo, fi satisfies - = -^ + -^ and 1 < ?' < oo. 
From this definition, we get 

LP'^ ^ LP,ri , VI < p < oo, 1 < r < ri < oo and LP'P = LP. 

2.4. About a transport equation. We will give now some useful estimates for any smooth 
solution of linear transport-diffusion model given by 

, . ( dth + vVh- kA/i = g 

^^■^' [ /^|t=o = h' 

We will give three kind of estimates : the first is the LP estimate, the second describes the 
propagation of Besov regularity and the third is the smoothing effects. 

Lemma 2.5. Let v be a smooth divergence-free vector field o/M'^ and h be a smooth solution of 
(|2.4p . Then we have Vp S [1, oo] and for every k > 0, 

\\hit)\\LP < ||/i°||LP+ / \\giT)\\LpdT. 

Jo 

Proof. For finite p, multiplying the first equation of (j2.4p by \h\P~'^h, integrating by parts and 
using the condition of divergence free for the vector field, we find the estimation of Lemma. 
While for p = oo it is just the maximum principle see [9] for more details. D 

Proposition 2.6. Let — 1 < s < 1, 1 < p,r < oo and v be a smooth divergence-free vector 
field. Let h be a smooth solution of ()2.4p such that h^ G B?^^.{W^) and g € Lj^^{^^,Bp^). Then 
Vt S M+j we have with k = 0, 

"^ u 

where C is a constant depending on s and Vi(t) := ||Vf (i)||^i^cx). 
The above estimate is true in the two following case 

s = —1, r = oo, 1 < p < oo and s = r = 1,1 < p < oo, 

in this case we change Vi{t) by V{t) := \\v{t)\\^i^i . 

Abidi, Hmidi and Keraani [T] are proved this result for the case s = ±1. The remainder cases 
are done in [5l [I7j . 

We give now the following smoothing effects for a transport equation (12. 4p with respect to a 
vector field which is not necessary Lipschitzian (see |10] for a proof). 
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Proposition 2.7. Let v be a smooth divergence-free vector field ofR with vorticity uj ■.= 'V xv. 
Let h be a smooth solution of ()2.4p . Then for h^ G L^, 1 < p < oo, k > and t G M+, we have 
for all j G N with {g = 0) 

22J / \\Ajh{T)\\LpdT<\\h'^\\Lp(l + {j + l) f ||w(r)||ioo(ir+ / ||VA_it>(T)||L.odr 
^0 ^ JO Jo 

On the other-hand, Hmidi [9] proved the following smoothing effects for the equation ()2.4p with 

((7 = 0) in the case of Lipschitzian velocity, 

(2.5) 22J f \\Ajh{T)\\LpdT<\\h°\\Lp(l+ I \\Vv{T)\\L^dT 

3. Study of Geometric Properties of the vorticity 

The aim of this section is the study of some geometric properties of axisymmetric flows. We 
start with the following one which is proved in [1]. 

Proposition 3.1. Let v = (u^,f^,t;^) he a smooth axisymmetric vector field. Then we have 

• For every j > —1, Aj-y is axisymmetric and 

(Ajt;i)(0,X2,2) = (Ajt;2)(xi,0,z) = 0. 

• The vector uj = S/ x v = {u^ , uj'^ , uj^) satisfies uj x eg = (0,0,0) and we have for every 
{xi,X2,z) G MP, 

U^ = 0, XlUJ^{xi,X2, z) + X2Uj'^{xi,X2, z) = Q 

and 

U! (xi, 0, z) = UJ (0, X2,z) = 0. 

We aim now to study a vorticity like equation : 

{dtQ + v ■Vn = n-Vv + curl{pez) 
dwv = 
^|t=o = ^°, 

and we will assume that v and p are axisymmetric, the unknown function Q, = {^^,0,^,0,^) is 
a vector field and at this stage we do not assume that Q is the vorticity of v. But il. has some 
geometric properties with the vorticity uj. More precisely we prove the following Proposition 
which describes the preservation of some initial geometric conditions of Q. 

Proposition 3.2. Let v be a smooth axisymmetric vector field with divergence free and Q be 
the unique global solution of ()3.ip with smooth initial data Q^. Then we have the following 
properties. 

1) //divfiO = 0, then divO(t) = 0, Vt G R+. 

2) //il° X ee = (0,0,0), then we have Vt G M+ 

n[t) xee = (0,0,0). 
Consequently il^(t, xi, 0, z) = il^(t, 0,X2, z) = and 

T 

n-vv = —n. 

r 
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Proof. 1) We apply the divergence operator to the equation (13. ip . we get 
dtdivQ + dw{v ■ Vil) = div(0 • Vv) + div {cur I (pcz))- 
Now we have div{curl{pez)) = and using the fact that divi; = 0, we get 

3 3 

div(t; • Vn) - div(0 -Vv) = ^ djiy'diQ^) - ^ dj{n'diV^) 

3 3 3 3 

i,j=l i,j=l i,j=l i,j=l 

3 3 

= V ■ Vdiv[7 + Y djv'diQ^ - ^ djQ'diV^ - Q ■ Vdivw 

= V ■ Vdivfi. 

Thus we obtain the equation 

dtd\\Vl + v-VdivVL = 0. 

Therefore the quantity div (7 is transported by the flow and then satisfies the condition of the 
incompressibility for every time. 

2) Denote (fi'^jfi , J7^) the coordinates of Q. in cylindrical basis, then we can write under 
the form 

Now 

VL{t) X ee = {n''{t)er + ^\t)ee + ^^{t)ez) x ee 

(3.2) = n''{t)e,-n^t)er, 

where we have used Cr x eg = Cz, eg x eg = and e^ x eg = — e^. Hence it suffices to prove that 
0''(t) = Q^{t) = 0. For this purpose, we write 

(3.3) dtO, ■ er + {v ■ Vri) • er = (il • Vv) ■ e^ + curl{pez) ■ e^. 
It is clear that QJ' = Vt ■ er- Now from (jl.3p . we have 

vV = v^'dr + v^dz 
and since drCr = dzCr = 0, we can get, 

{v ■ Vn) ■ er = {v^'dr^ + v'dz^) ■ er 

= {V^dr + v'dz){n-er) 

(3.4) = vVO". 
And 

(S7 • Vv) ■ er = ft^drV ■ er -\ — ^^dgv ■ er + ^^dzV ■ er 

r 

(3.5) = n'^drv'^ + n^dy. 
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According to (ll.7p we immediately have, 

(3.6) curl{pez) • e^ = 0. 
Putting ([33]), ([33]) and ([M]) into ([33]) we obtain 

The maximum modulus principle gives 

(3.7) ll^"(t)l|L- < / (||^''(r)||L- + \\n'iT)\\L^)\\Vv{T)\\L^dT. 

Jo 
Similarly for the component fi^, we find the equation, 

This leads to 

(3.8) ||^^(t)||L- < / [W{T)\\L^ + \\^''{T)\\L^)\\Vv{T)\\L^dT. 

Jo 
From (I32D and ([MD we get 

W{t)\\L^ + \\n'{t)\\Lo. < [ {\\n'\T)\\Lo. + \\n'{T)\\L^)\\Vv{T)\\Lo^dT. 

Jo 
Using Gronwall's inequality, we obtain for every t G 1R+, 

(3.9) n'{t) = n'{t) = o. 

This implies that Q = Q eq. 

Plugging (13. 9p into (j3.2p . we obtain finally 

n{t) xe0 = (0,0,0). 

Now, we use two facts, the first is the axisymmetry of the vector field v and the second is (13. 9p . 
which give: 

n-Vv = Vfdrv + -n'^dev + Vi^d^v 
r 

r 

= -n'^deiv'er + v'e,) 
r 

= -n\v'- deer + v' dee,) 
r 

= -n^'^ee. 
r 



Then we obtain 



r 



The proof of the Proposition is now complete. D 
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4. Proof of main result 

In this section we will prove Theorem 11.21 The main step for the proof is to give a global a 
priori estimates of the Lipschitz norm of the velocity which is the significant quantity to bound 
due to the general theory of hyperbolic systems. This allows us to propagate the initial Besov 
regularity. We will use the method of [T] for the proof. 

4.1. A priori estimates. We will prove three kinds of a priori estimates : the first one deals 
with some easy estimates that one can obtained by energy estimates. The second one is concerned 
with a global a priori estimate of the Lipschitz norm of the velocity and the last a priori estimates 
concerned with some strong estimates. 

4.1.1. Weak a priori estimates. First we prove the the following energy estimate, 

Proposition 4.1. Let {v,p) be a smooth solution of the system, (jl.ip . then 

(a) for p*^ G L^ n L^ with 6 < p and t € M_|_, we have 

\\pit)\\L2nLP < Wp^h^nLP- 

(b) For p^ € L'^ and k = 1 we have, 

(c) for f° G L^, p° G L^ and t G M+, we have 

\\v{t)\\L2<Co{l + t), 

where Cq depends only on \\v^\\l'^ and ||p^||^2. 

Notice that the axisymmetric assumption is not needed in this Proposition. 

Proof. The first estimate is a direct consequence of Lemma 12.51 To prove (6), we take the 
L^scalar product of the second equation of (jl.ip with p and integrating by parts we get since v 
is divergence free 

Integrating in time this differential inequality, we get 

Ml^L^ + 2\\vp\\l,^, = Wp'WI,. 

For(c), we take the L^(]R^) scalar product of the velocity equation with v. From integration by 
parts and the fact that u is a divergence free, we get 

(4.1) ~\\vmh<Mt)\\L4pmL^- 

This yields 

By integration in time, we find that 

II^WIIl^ <lb°llL2+ / \\p{T)\\L2dT. 

Jo 
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Since ||/3(t)||L2 < Hp'^Hxa, we infer 

D 

We have now some estimates for the moment of the density p 

Proposition 4.2. Let v he a vector field with zero divergence satisfying the energy estimate 
of Proposition \4-l\ and let p he a solution of the second equation of (jl.ip . Then we have the 
folliowing estimates for the moment of p. 

a) For p^ € L^ and x^p^ G L"^, then there exists Cq > such that for every t > 

W^hPh^L^ + \\xhp\\L2fji < Co(l + t*). 

b) For p^ G L^ and \xh'^ p^ G L^, there exists Cq > such that for every t > 

\\\xh?'P\\L^L^ + \\\xh?P\\^m ^ C'o(l + i^)- 

Proof. The estimate of a) is proved by Hmidi and Rousset in [11], then for the estimate of h) 
we first have the moment Ix^pp solves the equation 

(4.2) dt{\xh\^p) + V ■ V{\xh\^p) - A(|xft|V) = '2v''{xhP) - 2V^p - 4div^(x^p), 

with v^ = {v^,v'^) and V/j = (9i,92). Taking the L^ inner product with \xh\'^p, integrating by 
parts and using Holder inequality, 

\U^\xh?p)\\h + \\V{\xH?p)\\l. = 2/ v^ix,p){\x,\^p)dx-2 [ V,KK|V)dx 

divh{xhP){\xh\^p)dx 

+ (2||/0||L2+4|lx/,p||i2)||V(|x,,|V)llL2. 

Using the embedding H^ '^-t- L^ with Young inequality, 

\\n |2 M|2 , llw^l |2 M|2 ^ II ||2 n ||2 , n ||2 , u \\2 

-J^Wil^hl p)\\L2+c\\V{\Xh\ p)\\l2 < \\v\\L2\\Xhp\\L3 + WpWl^ + WxhPU^- 

Using now the Gagliardo-Nirenberg inequality. 



' <II/IIl2||v/||l2, 



we get that. 



■^\\i\xhfp)\\l2 +c||V(|a;/jpp)||^2 < \\v\\l2\\xhp\\L-2\\'^{xhp)\\L^ + \\p\\l2 + \\xhp\\l2. 



Integrating in time and using the estimate a) for x^p and Proposition 14.11 we obtain 

i9 Nii9 / 

Xh 



^P)\\l2+cj \\V{\xh\^p)\\l,dT < \\{\xh\^p'')\\l2 + \\v\\looL2\\xhp\\L^L^t-2\\V{xhp)\\L2L^ 

+ \\p''\\l2t+\\Xhp\\looj^2t 

< Co{l + t'). 
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Then we obtain 

IW^hl'^Ph^L^ + \\\xh\^p\\L2H^ < C'o(l + t5). 

This ends the proof of the proposition. D 

We give now an a priori bound of the L°°-norm of ^, see Proposition 4.4 in [TT] for the proof. 

Proposition 4.3. Let v^ be a smooth axisymmetric vector field with zero divergence such that 
u*^ € L^, its vorticity such that ^ G L'^'^ and p^ £ L'^ Ci L^ for 6 < p axisymmetric such that 
\xh\'^p^ G L^ with Xh = (2;i,2;2)- Then we have for every t G M-i- 

where Cq is a constant depending on the norm of the initial data and recall that 

19 

$,(i) = Coexp(...exp(Cot-)...). 

^ V ' 

I— times 

Let us now show how to use this to give an L°°- bound of the vorticity, 

Proposition 4.4. Under the same assumptions of Proposition \4^ and if in addition w" G L°°. 
Then we have for every t G M+, 

Mt)\\L^ + w^pmLiL^ < Mt)- 

Proof. Recall that the vorticity u satisfies the equation 

v'' 
dtOJ + V ■ Vio = — to + curl(pez)- 
r 

Applying the maximum principle to the above equation and using Proposition 14.31 

/"* v'^'ir) /■* 

||w(t)||Loo < ||a; ||l°° + / II ||l°° ||w(r)||ioo(ir + / \\curl(pez)(T)\\L°°dT 

Jo r Jq 

< ||w°||l-+ f $2(r)||w(r)||L^dr+ / ||Vp(r)||L-dr. 
Jo Jo 

This implies by Gronwall inequality, 

ft 



(\\oj'^\\l^+ f \\Vp{T)\\LoodT]<^3{t) 

(4.3) < (||^0||ioo+^ ||p(r)bi^^^rfr)a>3(t), 



|w(t)||Loo < ( \\UJ \\l°o + 

Ji 
ft 



where we have used in the last line the Besov embedding B^^ ^ "^^ Lip. It remain then to estimate 
Tini . For this purpose we use Bernstein inequality for p > 3 and Propositions 14.11 and 

t oo,l 



GLOBAL WELL-POSEDNESS FOR BOUSSINESQ SYSTEM 15 

12.71 we obtain 

< ||p°||L2t + ^2^^(f"l)||/|Upfl + (j + l) f\\u{T)U^dT 

i>o ^ -^0 

< ||p°||L2t+||/0°||Lp(l+ /" \\uj{T)\\L^dT+ f \\v{T)\\L2dT 

< llP°llL2i + ||pO||LP (l + Cotil + t)+ j 

(4.4) < Co(l + i2 + y ||u;(r)||Loo(ir). 

Plugging (|4.4p into (j4.3p and using Gronwall's inequality, we obtain 

rt 



ft 

W^irMlL'^dT 



\^{t)\\L°° < I ||W^ 



°||l-+Co(1 + *'+/" ||L^(T)||LoodT)W3(t) 

Putting this estimate in (j4.4p yields 

(4.5) l|p(i)llLjBi ,<Mt). 

t oo,l 

This gives in view of Besov embedding, 

l|Vp(t)||^lioo<$4(t), 

which is the desired result. D 

4.1.2. Lipschitz estimate of the velocity. We will prove in the following proposition a new de- 
composition of the vorticity which is the basic tool to get a bound of the velocity. 

Proposition 4.5. There exists a decomposition (S;j)j>_i of u such that 

(1) tj{t,x) = ^ ujj{t,x) , Vt G M+. 

(2) div ujj{t,x) =0. 

(3) p,(t)||Loo < C(||AXIIl- +2^'l|A,p(t)||iiioo)$3(i) , Vj > -1. 

(4) \/k,j > —1 we have 

l|AitS,(t)||Lo= < 2-l'^"^-le^^W(||A,^0||ioo +2^||A,/,(t)||.i^^), 
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withV{t):=\\vit)\\LiBi^^^. 

Proof. We will use for this purpose a new approach similar to jl]. We denote by (S;j)j>„i the 
unique global solution of the following equation, 



(4.6) 



dtujj + V ■ S/coj = ujj ■ Vv + curl{Ajpez 
Uj{t = 0) = Ajcj" 



Since div(Aja;'') = then Proposition 13.21 -1) implies that 

dYvu)j{t) = 0. 
By linearity and uniqueness we have 

which is (1). 

To prove (3) we apply Proposition 13. 2^ 2) to the equation (14. 6p . since A.jOo^ = curlAjV^ and AjV^ 

is axisymmetric then Proposition 13.11 gives AjU)^ x cq = (0,0,0), therefore ujj{t) x eg = (0,0,0) 

and 

V 

dtujj + V ■ VciJj = u!j h curl{Ajpez) 

Now taking the maximum principle and using Propositions 14.31 and Lemma 12.31 

,0„ , f\y'{r) 



\\^j{t)\\L^ < WAjOJ \\l^ + / II ||l«= IJWj (r) llioo c?r + / \\curl{Ajpez){T)\\L°^dT 

Jo 1^ Jo 

< \\AjLO^\\l^+ $2(r)||5j(r)||L-dT + 2W \\Ajp{T)\\L^dT. 

Jo Jo 

Using Gronwall's inequality we obtain 

||Sj-(i)||Loo < C(||A,l^°||loo +2^'||Aj-p(t)||^i^oc)$3(t)- 

This is the result (3). 

Let us now prove (4). Notice that this estimate is equivalent to 

(4.7) ||A,S,(t)||i^<2'=-^-e^^W(||A,.;0||^oo+2^||A,p(t)||^j^.) 
and 

(4.8) ||Afc5,(i)|Uo. < 2^--'=e^^W(||A,a.0||ioc +2^-||A,-p(i)||^i^oo). 
Proof of (|4.7p . Applying Proposition 12.61 to the equation (j4.6p . 

e-^^^*^ll-.(t)llB-. < ||A,a;l^-.^+j['e-^^«||5,.V.(r)||^-^.^dr 

(4.9) + re-^^W||cuW(A,pe,)||5-i^dr, 
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where V{t) = J^ \\v{T)\\Bi^^^dT. 

To estimate the first integral, we use the decomposition of Bony (12. 2p . then 

||Wj-Vu|L-i < IIT;;:;, • V^;|L-i + HTy,; • SJL-i 

■^ ^-'00,00 ■> ^-'00,00 -^ ^-'00,00 

Now we write by definition 

T^, ■ '^^ = X] Sg-iUJjAgVv, 
q 
then 

|fc-(j|<4 

Applying Holder and Bernstein inequalities leads to 

ll^w,- ■ Vu|L-i < sup2"'' y^ ||5g_lWo||L«=||AgVv||L°0 

< ||Vu||loo||S;j||^-i 



oc,oc 

Di Mu;^- II p-i , 
00.1 "^ -'^00,00 



< IIUIIri IIWoIId-i 



we have used in the last line the Besov emmbedding B^ ^ 
Similarly for ||Tv« • wJIn-i , we get 

\\T\/y -uJjW^-i < 11^11^1 ||wj||^-i . 

■^ -L>oo,oo 00,1 "^ -Doo,oo 

For the remainder term, since div ujj = we have 

< sup ^ \\AgUJj\\Loo\\AgV\\L^ 

^ q>k-3 

< II'^IIrI l|Wj||r)-l . 

Therefore, 

(4.10) llu;,- • Vullo-i < ||w||ri ||cjJL-i . 

Using now Holder and Bernstein inequalities for the estimate of the second integral of (|4.9p , we 
obtain 

rt 



J 

^ W^jpWlil--- 



Hence it follows that into (14. 9p . 

ft 



e-^^W||a; 



J u 



18 SAMIRA SULAIMAN 

According to the Gronwall inequality, we get 



-CV{t) 



\^M\b^]^ ^ {W^j^'Wb^]^ + \\^jP\\LlL^)e 



CVit) 



This imphes that 

< (2-^||AXIIl- + ||A,-p(i)||^i^^)e^^W. 
Finally we get by definition, 

\\A,u,{t)\\Lo.<2''-^e''''^'H\\A,u'\\L^+2^\A,p{t)hiL^). 

which is the desired result. 

Proof of (|4.8p . Since the z-component of uo^ is zero, then ujj = (w^, w^, 0). We are going to work 
with the two components separately. The analysis will be exactly the same so we deal only with 
first component uj]. From the identity -^ = ^ = ^ which is an easy consequence of v = 0, it 
is clear that the functions uj^ solves the equation, 

f dtu] +vVu] = v^'^ + d2Ajp 
\ S](t = 0) = A,a;i. 



Applying Proposition 12.61 to the above equation, 
(4.11) 



^Kr) 



X2 °°'i 



+ / e-^^M||92A,p(r)bi dr, 
Jo °°'' 



To estimate the first integral, we use the decomposition of Bony (j2.2p . then we have 



'1 



(4.12) 

We have by definition 



I J \\ ^ \\r-n J I \\rp „,2 I WTy I ^,^ J 






3 
^2 



w;? 



\T~^^v^\\b- , < V2^||Sfc_i(^)||L-||Afc^2||^^ 



(4.13) 



< 



< 



(^^ 



X2 

51 



X2 



V ni 



\\V\\ri ■ 



The remainder term is estimated as follows 

'1 



||7^(^^^)||^. =J;2^||A,7^(^;^^)||^o 

X2 °°'^ ^-^ X2 
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Now 



= ^A,(A..^A.(S)) 

k -^2 

Since suppT {l^^kV^AkCr)) C 2^B, then A^ (Afcu2Afc(^)) = if A; < j - 4. It follows that 



||A,7e(t;2,^)||ioc< V ||Afc^2|[^^||^^,(^)||^^^ 
where we have used the continuity of the operator Aj in L°°. Therefore 

Xo °°'i ^-^ ^-^ Xo 

j k>j-A 



(4.14) 



< 



< 



< 



wi 



X2 

5! 



E2'||Afct;2||io. ^ 2^- 



j<k+4 



X2 



V m 



■^00,1 



X2 



^^L.i 



W Rl 



■Soo,r 



Now to estimate the term ||r„2^||^i , we use the axisymmetric structure of the vector field v. 
We have by definition 



u] 



Xo °°'^ ^-^ Xo 

^ k>0 ^ 



L°°- 



We write now, 



o ^^\-^i o Afcwlfx 



X2 



1 



Sk^iv\x)[Ak,—]i:>] 

X2 X2 ■' 



■ = Ifc + IIfc, 

where we have used the notation 

[Aj,a]b = Aj{ab) - aAjb. 

By Proposition 13. II we have S^-iv is axisymmetric and then Sk-iv'^{xi,0, z) = 0. Therefore from 
Taylor formula, 

Sk-lV^{xi,X2,z) = X2 / \d2Sk-^iV^){xi,TX2,z)dT. 

Then 

Sk-iv'^{x) 



(4.15) 



X2 



|l°° ^ ||Vi;||Loo. 
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Thus 

Pfc||L°° ^ ||Vi)||Loo||Afea;j-||ioo. 
Therefore 

Y.'^'^Whh^ < ||Vr;||Lco^2'=||AfcS5]||Loo 

A;>0 fc>0 

(4.16) < \\Vv\\l^\\u]\\si ^ 

J oo,± 

For the commutator term, we write by definition 

Ilfc = Sk-iv''(x)I\h{— ) Afco;- 



Xl JlR3 y2 

where h{x) = X2h{x). Since T{h{^)) = id^^F{h{S)) = id^^ip{£). Then it fohows that supp F{h) C 
suppj-{h) = supp if. Therefore for every g ^ S' we have 2 h{2 ■) * Apg = , for |A; — p| > 2. 
This leads to 

2^''h{2''-)*g= Y^ 2^^h{2^-)*Apg. 

\k-p\<l 

Hence by Young inequahty for convolution and ()4.15p we get 

EofeliTT II < ST^ ii 'S'fc-lf {x) II lloSfcT/ofc \ ^ A (^i\\\ 

'^-^ X2 X2 

k>Q \k~p\<l 



||/i||ii||Ap(^ 



X2 
|fc-p|<l 



^1 

(4.17) < ||Vt;||L-||^||BO • 

Thus it follows from (|n6]l and (liTTll that, 



S} , wi 



X2 °°'i -^ °°'i X2 °°'^ 

(4.18) < IIHIbi ^dl^jllBi +11 — llijo ) 

OC.l '^ oo,l ;3^Q oo.l 

Now putting together (jil^l) . (l4T4l> . (J4l8]l and (f4T2]l we find 

lb — bi , ^ Ibbi , (ll^i lli?i , + II — bo , )• 

'J'n 00,1 00,1 J 00,1 'T^Q 00,1 
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Plugging this last estimate into ()4.1ip and using Bernstein and Holder inequalities, we find 



^1 
+ re-^^Mp](r)||^x Jb(r)||^x dr. 

7g J OC.l 00,1 



According to Gronwall's inequality one obtain, 



5} 






Then 



S^l 



cy{t) 



(4.19) ||5](t)||5i^^<(||A,-..i||5i^^ + ||-^||^^^50^^+22i||A,-p(t)||^i^^)e' 

It remains to estimate ll^Hioo^o . For this purpose we observe that -^ solves the equation. 

Applying again Proposition 12.61 and Holder inequality yields, 
',1 . . / A .,.,1 rt 



— Lb" 

X2 °°'i 



(4-2Uj < Ce ^M BO + Lifio , 

By Taylor formula, 

(4.21) d2Ajp{xi,X2,z) = d2Ajp{xi,0,z) +X2 d22^jP{xi-,TX2,z)dT. 

Jo 
Since Ajp is an axisymmetric function and 

d2Ajp{xi,X2,z) = drAjp{xi,X2,z)d2r 



drAjp{xi,X2,z) , 

r 



then d2Ajp{xi,X2 = 0,z) = 0. Thus 

::d2Ajp 



BO < \\id22Ajp){-,T-,-)\\B0 dr. 
^.1 Jq 00,1 



X2 °°'i Jo 

At this stage we need to the following proposition (see [1] for the proof). 
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Proposition 4.6. Let h : M^ — > R be a function such that h € B^ ^ and we denote by 
hr{xi,X2,X3) = h{xi,TX2,X3). Then for cvcry < T < 1, we have 

ll/irllfio , < C(l-logr)||/i|l50 , 

oo.i oo,± 

where C is a absolute positive constant. 
Hence it follows that 

ll^^^bo < 11922 A,p(t) bo Al- log r)dr 

(4.22) < 22^'||Ajp(t)||ioc. 

Now to estimate || ^ ° ||go , we have v^ is axisymmetric then by Proposition 13.11 Ajt;*^ is 

also axisymmetric. Consequently Ajo;'^ is the vorticity of an axisymmetric vector field hence 
Ajujq(xi, 0, z) = 0. Applying again Taylor formula we get 

AjUjl{xi,X2,z) = X2 / dx2AjUjl{xi,TX2,z)dT. 

Jo 
Using Proposition 14.61 as above, we get easily 

II^^IIbO, < r\m.Aj^l)i;T;-)\\BO ^dr 
X2 °°' Jq °°' 

< ||(a,,A,^i)bo / (l-logr)dr 
°°-^ Jo 

(4.23) < 2^'||Aja;o||L-. 
Plugging ()i:22D and (lOHjl into (020]), we find 



'^J'll < ('?^\\A,,\\ I || ^2Ajp(t) \cvit) 



(4.24) < [2^\AjU;o\\L^+2^^\\Ajpit)\\LiL^y 

Plugging now the estimate (j4.24p into (j4.19|) and using the embedding LjBl^ ^ ^->- LjLip, we 
obtain 

\\^](t)\\^L. ^ (2^||A,a;o||L- +22^||A,p(t)|L.^.)e^^W. 
This can be written as 

l|AfcS](t)||L- < 2^-''e^''^'\\\AjOJo\\L^+2^\\A,p{t)\\^Loo). 
Similar arguments gives the same estimate for w^. Finally we obtain, 

\\AkUj{t)\\L^ < 2^-''e^''^'\\\Ajojo\\Loo+2^\\Ajp{t)\\LiL^). 

The proof of the Proposition is now achieved. D 

We will now see how use this to estimate ||a;(t)bo and then to obtain a Lipschitz norm of the 
velocity v. 
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Proposition 4.7. Let u° € L^ such that ^ G L^'\ /9° G L^ n L^ wii/i p > 6 and SMc/i i/iat 
Ix/ipp" G L^ and i/ in addition oj^ G S^ x- Then the system (|l.ip satisfies for every t G M+, 

ll^WllfiO ^ +||Vi;(t)||L- <$5(t). 

oo.l 

Proof. Let M be a fixed positive integer that will be chosen later. Then we have from the 
definition of Besov spaces and Proposition 14.51 (1) . 

k j 

k ^\k-j\>M ^ k ^\k-j\<M ^ 

(4.25) := I1+I2. 

To estimate the term Ii we use Proposition 14. 51 (4). the convolution inequality for the series and 
the inequality (14. 5p . 



ii = E( E iiAfc^.(i)iiL^) 

k \k-j\>M ^ 

< 2-^^(||a;°||50^ + ||p(t)||^j^. Je^^W 

00, i r 00, i 

(4.26) < 2-^^(||a;0||50^_^+$4(t))e^^W 

For the second term I2 we use the continuity of the operator A^ in the space L°°, Proposition 
Kb[(3) and (03]) and obtain 

12 ^ E E \\^jit)h^ 

j \k-j\<M 

< a>3(t)(||^°|bo +||;,(t)|| ,^, ) 

00,1 t 00,1 

< «I>3(t)M(||a;°bo +Mt)) 

00,1 

(4.27) < Mt)M. 
Combining now (fOSj) . ([06]) and (fOT]) we find 

Hi)||50^^<(2"^^e^^W+$4(t)M). 

We choose M such that 

M = [CV{t)] + 1, 

then 

(4.28) Mt)\\BO ^<{Vit) + l)Mt)- 

00,1 
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It remains to estimate V{t), then for this purpose we have by definition of Besov space, Bernstein 
inequaUty, Proposition 14. II and the estimate ||Aju||loo ~ 2~-'||Ajw||i:,oo, 






< \\v{t)\\L2 + \\uj{t)\\B0 



rsj 



oo.l 



< Co{l + t) + ^i{t)(l + 1 \\v{ 

We have used above (|4.28p . thus by Gronwall's inequahty we obtain 
(4.29) IbWIlB^,, <^5(t). 

Plugging this estimate in (j4.28p gives, 

Mt)\\B° , <^5(t). 

Using now the embeddings B^^ ^ ^-s- LipCR.^) and ()4.29p we get 

l|VKt)||L-<<I>5(i). 



T)||oi dr 

-°oo,l 



n 



4.1.3. Strong a priori estimates. The task is now to find some global estimates for stronger 
norms of the solution of (jl.ip . 

5 

Proposition 4.8. Let v^ G i^l i ^^ ^ divergence free axisymmetric vector field vuithout swirl and 

1 
p" € B21 n L^ with p > 6 an axisymmetric function such that \xh\'^p^ € L^. Then any smooth 

solution {v,p) of the system (jl.ip satisfies 

llflL 5 + llpIL 1 + llpIL 5 <^6it)- 

II llfooo^ ll'^llfooR^ I'^l'rlo^ ~ °^ ^ 

Recall that for every T > 0, p > 1, {p,r) E [l,oo]^ and s G M the Chemin-Lerner space Lj,Bp^ 
is defined as the set of all distribution / satisfying 



r P Ds 



{2^^\\Aj\yr.), 



Proof. We localize in frequency the equation of the velocity, then we have for every j > —1, 

dtAjV + V ■ VAjV + VAjp = Ajpcz - [Aj,v • V]v. 
Taking the L^- scalar product with AjV and using Holder inequality, 



2dt 
This implies that 



^^\\A^v{t)\\L2 < ||A,p(t)|I^2 + ||[A,,^.V]z;(t)||i2. 
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Integrating in time we obtain 

\\A,v{t)\\L2 < \\A,v''\\l2 + \\A,p{t)\\LiL2 + \\[Aj,v -VHrn^i^,. 

Multiplying the above inequality by 22^ and taking the i^ -norm we obtain thus 
(4.30) IbWII I <lb°IL§ +Mt)\\~,^^ +\\{2l^\\[A„vV]v{t)\\^iL.),y. 

^2,1 ■°2,1 ^t^2,l 

To estimate the commutator term, we use the following Lemma (see for the proof). 

Lemma 4.9. Letr] be a smooth function andv be a smooth vector field o/M^ with zero divergence. 
Then we have for all 1 < p < oo and s > —1, 

^-^ ■ ,.r , ,, f IIVwII TOO ||?7|| RS if _1<S<1 

Therefore we obtain in (j4.3Up . 



Ki)ll 5 <ll^ 



2,1 



°ll i +IIKOIU, 5 +C f\\Vv{T)\\L^\\v{T)\\sdT. 
^2,1 ^t^2,l Jo ^2,1 



Using Gronwall's inequality we get 

||^;(t)|| 5 < {\\v^ . +|lp(i)|| )e^/ollv^MIUood. 



^2,1 ^2,1 ^t^2,l 



(4.31) < (||^°|| 5 +||p(t)|L, s)$6(t), 



^2,1 ^t^2,l 



where we have used Proposition 14. 7i It remains then to estimate ||p(i)||_ 5 . For this purpose 



1r2 



^t^2,l 

we localize in frequency the equation of the density. For j > we have, 

dtAjp + V ■ VAjp - AAjp = -[Aj,v V]p. 
Taking again the L^- scalar product with Ajp and using Holder's inequality, 

-1 7 /" 

7;TJ^jPit)\\l2 - / {AA,p)A,pdx < \\Ajp{t)\\L2\\[Aj,v V]p{t)\\L2. 
2 at JiR3 

Using now the generalized Bernstein inequality see [71 [12] 

l2^^\A,p{t)\\l2<- f {AA,p)A,pdx. 
2 Jr3 



Hence, 



This gives. 



It follows that, 



j^\\A,pit)h2+c2'^\\AjpmL^ < \\[A„vV]pit)h2. 
^^{e^''''\\A,p{t)U2)<e^''''\\[A„vV]p{t)h2. 



(4.32) ||A,p(t)||^2 <e-'=*2^lA,pO||i2+ [\-^^'-^^''' \\[A„v ■ V]p{T)U2dT 

Jo 
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Integrating in time implies that 

(4.33) \\^,p{t)\\L.L,<2-^^\\/\,p^\\L.+2~^^\[^,,v-V]p{t)\\L.L,. 
From ([02]) and ([03]) we obtain for j > 

l|A,p(t)||Lj«L2 +22^^ II A,-p(t) 11^1^2 < ||A,pO||^2 + ||[A„7;-V]p(t) 11^1^2. 

Multiplying the above inequality by 22 and taking the i^ norm we find, 

\\P^^%^r.h +ll'«Wllr,„! ^ ||A_ip(t)||^i^2 + ||p°|| 1 +||(25||[A„t;.V]/,(i)||LiL2),ll^i 

^t ■°2,l ^t^2,l -"2,1 

< t||pO|U2 + ||pO|| , + f ||v^(r)||^oo||p(r)|| 1 dr 

^2,1 "'0 ^2,1 

< ||pO|| (1+^)^ /■ ||y^(^)|[^^||^(^)|[^ ^^ 

Bli Jo L^Bl, 

< Co(l+t)+ r$5(r)(||p(T)|| 1 +||p(r)|| 5 )dr, 

Jo ^?°-B|, Liij|, 

where we have used Lemma 14.91 and Proposition 14.71 
Finally using Gronwall's inequality we find 

(4.34) WP^'^h^si +ll^(*)"z^Bt ^^^(^)- 
Putting now (ji3i|) into (fOT]) we find 

IKt)ll f <^6(t). 

■°2,1 

The proof of the Proposition is now complete. D 

4.2. Uniqueness result. We will prove the uniqueness result for the system (jl.ip in the fol- 
lowing space 

At := {L'^L^ n L^T^^'°°) x [L'^L^ n L^VF^'°°). 

We take two solutions {vj, pj), with j = 1,2 for (1.1) belonging to the space At for a fixed time 
T > 0, with initial data {v^, p^), j = 1,2 and we denote 

i; = 172 — t'l and p = P2 — Pi- 

Then we find the equations 



dtv + f 2 • Vf + Vp = — z; • Vf 1 + pcz 
(4.35) { ^ip + V2-Vp-Ap = -v Vpi 

t'|t=o = ^'°, P\t=o = P°- 

Taking the L^ inner product of the first equation of (j4.35p with v, integrating by parts and using 
Holder inequality, we get 
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Integrating in time we get 



vmh < \\A\l2+2 f ||^;(r)||i.||Vt;i(r)||i^ciT + 2 / ||p(r)||i. II^WIlL^dr. 
Jo Jo 



lL2 ^ \\U 11^2 

Then we get 



(4.36) \Ht)\\l, < ||t;°||i2+2 f\\v{T)\\l4Vvi{T)\\L^dT + 2 f\MT)\\l, + \\v{T)\\l,)dT. 

Jo Jo 

As above, taking again the L^ inner product of the second equation of (j4.35p with p and inte- 
grating by parts, we get finally 

Umh < \\p'\\h+^ f Hr)\\L4pir)\\L4ypi{r)\\L^dr 

Jo 

(4.37) < WpYl^ +2^^ (\Hr)\\h + np{T)\\l.) ||Vpi(r)||i^(ir 
Putting g{t) = \\v{t)\\\2 + \\p{t)\\\2, we obtain from (lOSj) and ^t^:^ that, 

g{t) <9^ + '^ j (l|V^;i(t)||L- + \\ypi{t)\\L^ + l)9{r)dT. 
Gronwall inequality yields 

(4.38) 5(t) <9°exp(2(||V«i(t)||^i^oo + ||Vpi(t)||^iioo+t)). 
This proves the uniqueness result. 

4.3. Existence. We will now construct a global solution for the Boussinesq system (jl.ip . First 
we smooth out initial data 

< = Snv^ and p^ = 5„p°. 
By definition of the operator 5„ : there is a positive radial function x ^ ^(M^) such that 

<:=5„r;0 = 23"x(2"-)*«° 
and 

p^=5„po = 23"x(2"•)*p^ 

We can easily prove the following result. 

5 

Lemma 4.10. Let v^ G i?! i ^^ ^'^ axisymmetric vector field with zero divergence and such that 

1 
— G L^'^ and let p^ G i?! i '^ ^ with p > 6 be an axisymmetric function such that \xh\'^p^ € L^. 
Then for every n G N*, the functions Vq and pg are axisymmetric and divug = 0. Moreover 
there exist a constant C such that, 

„0|| _ 11^0 II _ ^^ll'^Oll _ ll^nii ^ ^r^ll^Oii 



\Vo\\ 5 < G f 5 , — r3,i ^ (-/ — r3,i, Pn i ^ L/ p 

I u II ^ — II II ^ ' II ^ iiij ' — II ^ iiij ) iiruii^TT _^„ — iir 
-°2,1 -°2,1 

and sup|||2;/jppo||i2 < C{\\p°\\l2 + |||x/jpp°||i2). 



ner 
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Proof. The fact that the functions Vq and pfj are axisymmetric is due to the radial property of 
the function x ^-nd the fact that divt>Q = due to the condition incompressible of the vector 
field v^. Now we have the cut-off in frequency is uniformly bounded in Lesbesque and Sobolev 
spaces, that is by applying convolution inequality we immediate get 

ll^"ll ^ lloSra, Yr)n \ II ||„0|| 

< IIxIIli||/'°IIlp 

< cWp'^Wlp. 



and in the Besov space, we have 

II U II ^-n 



p<n-l 2,1 

< E 2t^- E 11^-^ 

b-p|<l p<n-l 

< c5^2t^||Ay|U. 



P«°IIl2 



Similarly for ||pq|| i , we get 



boll 1 



< C\\V^\\ 5 . 
^2,1 



3 2,1 



For the estimate of H-'^IIls.i, we use the convolution inequality on Lorentz space L^'^, we obtain 
as before 



.OJn 



IL3,i 



L3.1 

r 


< 


I|2^"x(2"-)IIli 


r 




< 


r 





IL3.1 



We prove the uniform boundedness of the moment of the density. First we write. 



F/i 



pS(^) 



F^h 



i3n 



x(2'^(rE-y))p°(2/)dy 



< 22 



< 22 



371 



\xh-yh\h{2''{x-y))p\y)dy + 22 



3n 



X{2^{x-y))\yh\'p'{y)dy 



-2n/r)3ri 



|2„0\ 



2^"xi(2"-) *P')W +2(2^"|X|(2"-) * (|y^|V))(x) 



where xi(^) = \xh\'^x{x). Now from convolution inequality we obtain, 



~2n|| „0 



2„0| 



This gives that. 



o^ Ko"ll „ <^ /^0~2n|| „U|| „ _L /^ll |„ K^U|| „ 
Xh\ PoWl^ ^ ^2. \\p 11^2 + 0|||X/i| p \\l2 



sup|||xft|VollL2 < C(||p°||i2 + |||x/,|V°IIl2)- 

nGN 



D 
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Let us 


now 


consider the following system 












r 5t7;" + u"- 


Vu" 


+ Vp„ 


= p"e. 


(4.39) 




I dtp'^ + v''- 


Vp" 


-Ap" 


= 






^ ^|t=0 = ^n 


v', 


n" — 


Snp'. 



Lemma |4. 101 gives that the initial data are smooths and axisymmetrics. Thus we can construct 
locally in time a unique solution (v",/)"). This solution is globally defined since the Lipschitz 
norm of the velocity does not blow up in finite time by Proposition 14.71 Once again from the a 
priori estimates we have 

(4.40) |b"|U 5 +||p"|U 1 +||p"|U^ 5 <<I>6(T). 

l^rj-i -LJq -i J^rj-y -*-'0 1 J^ rj-y ±D iy -i 

The control is uniform with respect to the parameter n. Thus it follows that up to an extraction 
the sequence (t)"',/o")„gN is weakly convergent to some {v,p) belonging to L^B2i x L^B2i n 

-^T-^2 1- Now we will prove that this sequence (f",/9")„,gN converges strongly to {v,p) in the 
space (L^L^)^. Let ^n,n' := v"' — v"' and rjny ■= p"' — p"' then according to the estimate (I4.38P 
and Propositions 14.41 and 14. 7| we get 

Un,n'\\L^L^ + \\Vn,n'\\L^L^ < (||5'„U° - 5'„/t;°||i2 + \\SnP° - Sn' p^\\L2)^6{t). 

This shows that the family {v^, p'^)n£N is Cauchy sequence in the space (L^L^)^. Hence it 
converges strongly to {v,p). Combining this result with (j4.40p and by interpolation argument, 
we can get the strong convergences of (f"",/?") to {v,p) in L^H^ x L^H^ with < s < | and 
< s' < 2- The passage to the limit in the linear parts can be checked for example in the weak 
sense. For the nonlinear term u" • Vv"', we write 

v".V'y" = div(t;"«)v"). 

Now, since t;" ^- t; in L'^H^and by using the fact that H'^ D L°° with s > is an algebra, we 
obtain v^ iS) v^ ^ v v in L^H^ and thus div(f" (8) v"^) -^ div(z; ® v) in L'^H^~^. 
On the other-hand, v" • Vp" = div('L'"p"), and since t;" — >■ -y in L^L°° and p" — > p in L^L"^ 
then we get v^p^ -^ vp in L^L'^ and consequently div{v^p^) -^ div{vp) in L^H~^. This allows 
us to pass to the limit in the system (|4.39|) and we get that {v, p) is a solution of the system (jl.ip . 

Let us now sketch the proof of the contiuity in time of the velocity. Let e > 0, A^ G N* 
and T > 0, then for every t, t' G M+, 

\\v{t) - v{t')\\ . < Y. 2i^||A,(^(t) - v{t'))U. + 2 ^ 2i^||A,^||^. 
2,1 j<7v j>Ar 

< 2l^||z;(t)-t;(OllL2 + 2 5]2l^||A,^|l^oo^.. 
Since v G L^i?! d then there exists A^ sufficiently large such that 

V2ij'||A,-t;||roor2 < - 
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Therefore, we have 

(4.41) Ht)-v{t')\\ 5 <2i^|Kt)-^(t')||L^ + ^. 

It remains then to estimate \\v(t) — v(t')\\i2. For this purpose we use the velocity equation, we 
have 

dtv = -V{v-Vv) + V{pe^). 
Where V denote Leray projector. The solution of this equation is given by Duhamel formula, 

v{t,x) = v^{x) - / V{v-\/v){T)dT+ / Vp{T)dT. 
Jo Jo 

Hence it follows that for t,t' € M+, 

v{t,x)-v{t',x) = - / V{v ■Vv){T)dT+ / Vp{T)dT. 
Jt' Jt' 

Taking the L^ norm of the above equation and using the fact that the Leray projector V is 
continue into L^, we get with t' < t that 

\\v{t) - v{t')\\L2 < j^\\V{vVv){T)\\L2dT + j^\\Vp{T)\\L2dT 

< / \W)\\LA\^v{T)\\L^dT+ / \\p{T)\\L2dT 
Jt' Jt' 

< I \Hr)\\L2\\Vv{T)\\L^dT+ I ||p°||L2o!r 
Jt' Jt' 

(4.42) < |t-t'|(|b||L-L2||V^;||L-L- + ||/0°||L2). 

We have used Holder inequality and integration by parts for the first term of the above inequality 

and Proposition l4.H -(a) for the second. 

Putting now (j4.42p into (j4.4ip and using Propositions 14.11 and 14.71 we get 

\\v{t)-v{t')\\ , < 2-2''\t-t'\{\\v\\L^L2\\Vv\\L^L^ + \\p^\\L2)+^ 
^2,1 -^ 

< 2i^|t-i'|($5(t)(l + t) + ||p°||L0+|- 

It is enough then to choose \t — t'\ < 13 such that 



Finally we obtain 



2t^|i-i'|((l+t)$5(t) + ||p°||L^)<|. 



\v{t)-v{t')\\ . <e. 
^2,1 



This proves the continuity in time of the velocity. 

Let us now prove the continuity in time for the density. We first prove it in the Besov spaces 
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1 ~ 1 

B2i- Similarly to the velocity, we write since p € L'^B2i that for every t, i' € IR+, 
\\p{t)-p{t')\\ ^^ < 5^25||A,-p(t)-A,-p(OllL2 + 2j;2^||A,p||^^i2 

2,1 j<N j>N 

(4.43) < J22i\\A,p{t)-A,p{t')h2 + 2'-. 

From the equation for p, we have 

Ajp{t) = Ajp'^{x)+ / AAjp{T)dT - / Aj{v-Vp){T)dT 
Jo Jo 

and similar for Ajp{t'). Thus it follows from Holder and Bernstein inequalities with t' < t that, 

\\A,p{t)-Ajp{t')\\L2 < I \\AA,p{T)\\L2dT+ [ \\A,{vVp)iT)\\L2dT 

Jt' Jt' 

< 2'^ f\\A,p{T)U2dT + 2y f \\A,{vp){T)hidr 
Jt' Jt' 

(4.44) < \t-t'\2^^\p^\\L2 + \t-t'\2y\\v\\L^L4p\\Lr'L2, 

where we have used in the last line Proposition 14. It - (a) Putting now (j4.44p into (I4.43P and using 
Proposition 14.11 we find 

\\pit)-pit')\\ 1 < \t-t'\2l''\\p^L^ + \t-t'\2^''\\vh^L4p\\LrL^ + ^ 

< |t-t'|||p°|b(2t^ + C7o(l + i)2^^) + |. 
We choose |t — t'| < 7 such that, 

|t-t'|||p°||^.(2l^ + Co(l + t)23^)<|. 

Finally, 

\\p{t)-p{t')\\ . <e. 

^2,1 

We will now prove the continuity in time for the density in L^ space. Denote S{t) := e is the 
semigroup of convolution defined by 

S{t)pix) = iKt*p)ix), 

where Kt = -^K(-^) and K = e~'^' . It is well-known that K is nonnegative and ||i^||i:i = 1- 
We set now g := —v ■ Vp. From the equation of p, we get 

p{t,x) = [Kt*p^){x)+ f [Kt-r*9){T)dT 

Jo 

= S{t)p\x)+ I S{t - T)g{T)dT. 

Jo 
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Thus from Duhamel formula, we have for every < t' <t <T, 



p{t,x)-p{t',x) = {S{t) - S{t'))p\x) + S{t-r)g{r)dr 

Jf 
ft' 



(4.45) 



+ / {S{t-T)-S{t'-T))g{T)dT. 

Jo 



The first term of the right-hand side converge to zero as t goes to t' since the map 1 1 — t- S{t)p^ 
is contnuous from [0,-|-oo[ into L^ with 1 < p < oo. For the second term, we use Young and 
Holder inequalities with < t' <t <T, 

\\ I S{t - T)g{T)dT\\Lv < I \\S{t-T)g{T)U,dT 

Jt' Jt' 

< I Mr)\\LvdT 



< 



\v ■ Vp{T)\\LpdT 



< I \\v{T)\\L^\\Vp{T)\\LpdT 
If 

ft 



l|Vp(T)||Lpdr. 



Now since. 



\\Vp{T)Uvdr < 



< 



\\Vp{T)\\LvdT- / \\Wp{T)\\LvdT 

Jo 

||Vp(r)||ipdr+ / \\Vp{T)\\L.dT. 
Jo 



Then to estimate / ||Vp(r)||ipdr we use (|2.5p and Bernstein inequality, we obtain 
Jo 

f \\Vp{r)\\L.dT < Y. I l|VA,p(r)||ipdr 
Jo j>-i-^° 

< V 2-^1|A,/|Up(1+ / \\Vv{T)\\L^dT) 



(4.46) 



Jo 
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ft' ft' ft' 

Similarly for / ||Vp(r) Hlp^t we find / ||Vp(T)||LP(ir < ||p°||ip(l+ / | |Vt;(r)|| loo dr). Using 

JO JO JO 

5 

now tlie embedding i?! i '^ -^°°, we find, 

II / S{t - T)g{T)dT\i^v < \\v\\l^l^ II Vp(r) II LP (ir 

^1+ / \\Vv{T)\\LoodT+ j ||Vt;(r)||LoodT). 






Hence the continuity in time is a consequence of Propositions 14.71 and 14.81 For the last term of 
(j4.45p . we use the identity, 



rt-T 



It'-T 



S{t - T)g{T) - S{t' - T)g{T) = - I S{t")Ag{T)dt" 

Thus we have, 

\Sit-T)giT)-Sit'-T)giT)\\Lv < I \\Sit")Agir)\\Lvdt" 

\\S{t")A^iAg{T)\\Lpdt" 

+ E /* ^ \\S{t")A,Ag{r)\\Lrdt" 
i>o ■^*'- 

rt—T 

< / ||A>||Li||A_iA5(T)||LP(it" 

Jt'-T 

+ E r "l|e*"^A,-A5(r)||L.dt" 

< C{t-t')\\g{T)\\L.+Cy22'^ f \\e-'"''A,g{T)\\Lvdt" 



ft — T 
lt'~T 

rt—T 

< / 

Jt'-T 

rt-T 



< (t-t')lb(r)||L-||Vp(r)||L. 

+ J2'^'^ r\-'^'"'''\\A,g{r)U.dt" 

< (t-t')lb(r)||L^||Vp(r)||L. 

+ V22^||A,5(t)||l. r\-^'"^''dt" 
i>o Jt'-- 

< (i-t')lk(r)||L^||Vp(r)||L. 

+ Y.i^-e-<^~^'^^'')\\A,g{r)U.. 

j>0 
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Where we have used Bernstein inequahty and the following inequality proved in [6]: there exists 
c, C > such that for every i > 0, j € N and g G L^ , 1 < p < c«, 

||e-*^A,-<7||LP<C7e-'=*2'^||A,-5||LP. 

Hence, it follows that, 

j' \\{S{t-T)-S{t'-T))9{T)\\LvdT < C{t-t')\\v\\L^L^\\Vp\\L.^L, 

j>0 

Since 1 — e~^ < x" with a; > and < /5 < 1 then we have for < j, 

l-e-'^^*-*')^'^ <c(t-t')^2i 
This gives 

/ \\{S{t - r) - S{t' - r))g{T)\\LvdT < {t - t')\\v\\L^L^\\V pW^.^^v + {t - t')^lblL ^ • 
Using Bony's decomposition, we can easily prove that, 

Ibll 1 < l|w-V/9|| 



1 

b3 



Ri IIpII 3 



< iivIIri „ 



ou, J. w ^ 

1 



Therefore, 

WqW 1 5. Il^llf °oRi IIpII 3 . 

To estimate ||p|| 3 we use as before (j2.5|) . Proposition l4.H -a) and Bernstein inequality and 
get. 



llplL^i = C\\1^-ip\\l},lv+Y.'^-^'\\^iP\\l\l^ 

< \\p''\\lpT+T2~-2^\\A,p'>\\lp{1+ [ \\Vv{T)\\L^dT) 

i>o -^0 

(4.47) < \\p^\\lp{1 + T+ f \\Vv{T)\\L^dT). 

Jo 
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Using the embedding i?^ ^^^ L°°, ()4.46p and (I4.47p . we get 



/* 

Jo 



\\iSit-T)-Sit'-T))g{T)\\L.dT < (i-Oll^-llL-L-IIVplL^i, 



^T^;,l' 



, /\ i II II II II 

+ it — t )i m rooRl \\p\\ 3 

< ((i-0IIVpL^z.p + (i-0^llpll^,^3 ) 

< ((t-t') + (i-0^)llp°llL.(i + r 

+ / l|Vv(r)||L-c/rj||z;|!^^5i^^^. 



rU r oo ol 



The norms in the right-hand side are finite according to ()4.29p and Proposition I4.7i 

This achieves the proof of the continuity in time of the density p in L^ space. 

As we have proved the continuity in time of the density p in L^ space, we can prove in the same 

way the continuity in time of the second moment of the density in L^ space. For this we wih 

estimate only one term and the other terms wih be exactly the same estimate. Recall now from 

(|4.2p . the second moment of p satisfies the following equation, with G := \xh\'^p and / := XhP, 

dtG -AG = -v-VG + 2v^f - 2VhP - 4divft/ := F. 
Then we can easily see with < t' < t <T that. 

Git, x) - G{t', x) = {S{t) - S{t'))G^{x) + [ S{t- T)F{T)dT + I {S{t - r) - S{t' - T))F{T)dT. 

Jt' Jo 

We will use to control the second and the third terms in L^ space an integration by parts and 



by using Holder inequality. We will be going to work with J^, \\S{t — t)v ■ VG(r)||^2(iT. First we 



m oe gomg lo worK witn / 
write by an integration by parts: 

S{t-T)v-VG = S{t - T)d\w{v ■ G) 

= Y.Kt.r*d,{v'G^) 

Thus by convolution inequality, we have 

\\S{t-T)vVG\\L2 < ^||9,AVr*KG^')||L2 



< ^\\diKt-r\\L4v'G^\\L2. 



Now since Kt^r = — ^-^K( — ^—r), then 



\diKt^r\ < ^ ^^ d^K{- 



(t - t)-2 it - t)2 it-T) 
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Thus 



1 



< u .2 ^t - r)nd,K\\L. 



This gives that, 



(t-T)2 



\\S{t-T)vVG\\L2<\\vG\\L2 ^ 



(t-r)¥ 



Therefore by using Holder's inequahty, we obtain that, 



t rt 



\\S{t-T)vVG{T)h2dT < I —}—^\\v(r)U^\\G{T)h2dT 

t' Jt' (t-r)2 



< it-t')2\\v\\L^Bi^JG\\L^L^. 
The continuity in time fohows from (j4.29p and Proposition 14.21 -b). 
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